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Understanding the spin dephasing mechanism is of fundamental importance in all potential ap-
plications of the spin qubit. Here we demonstrate a spin dephasing mechanism in semiconductor
quantum dot due to the 1/f charge noise. The spin-charge interaction is mediated by the interplay
between the spin-orbit coupling and the asymmetrical quantum dot confining potential. The de-
phasing rate is proportional to both the strength of the spin-orbit coupling and the degree of the
asymmetry of the confining potential. For parameters typical of the InSb, InAs, and GaAs quantum
dots with a moderate well-height V0 = 10 meV, we find the spin dephasing times are T
∗
2 = 7 µs,
275 µs, and 55 ms, respectively. In particular, the spin dephasing can be enhanced by lowering the
well-height. When the well-height is as small as V0 = 5 meV, the spin depahsing times in the InSb,
InAs, and GaAs quantum dots are decreased to T∗2 = 0.38 µs, 18 µs, and 9 ms, respectively.
I. INTRODUCTION
It is the existence of the phase coherence that differs
a quantum bit (qubit) from a classical bit in information
processing, such that a quantum computer potentially
can solve certain problems more efficient than a classical
computer [1, 2]. One prerequisite of building a reliable
quantum computer is that the building blocks, i.e., the
qubits, must have long enough dephasing time [3]. How-
ever, for a realistic experimental qubit candidate such
as charge qubit [4, 5], spin qubit [6–8], and Josephson
qubit [9–11], the qubit dephasing time is usually severely
limited by unexpected and unavoidable environmental
noises. Therefore, understanding various qubit dephas-
ing mechanisms is of practical importance to the imple-
mentation of quantum computing.
The quantum dot spin qubit has many merits such as
the long coherence time [12, 13], the electrical controlla-
bility [14–22], and the convenience for scalability [23–25],
so that it is most likely to realize quantum computing
in the quantum dot platform. Fluctuating charge field
with 1/f spectrum has been observed in many quantum
nano-systems [26–28]. It also limits the phase coherence
time of many qubit candidates [9–11, 29–31]. As recently
observed in experiments [32, 33], the slanting magnetic
field in a Si quantum dot mediated a spin-charge inter-
action, which gave rise to the spin pure dephasing. We
are motivated to consider whether the spin-orbit coupling
(SOC) [34], internally presented in the InSb, InAs, and
GaAs quantum dots due to the space-inversion asymme-
try, would also mediate a spin dephasing mechanism due
to the 1/f charge noise?
Quantum dot spin dephasing caused by the charge
defects via the combined effects of the SOC and the
Coulomb interaction is studied in Ref. 35. While the
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complete quantum theory of the SOC mediated spin de-
phasing is not well established. Here, let us give a heuris-
tic discussion on how the spin depasing arises in a simple
model of the nanowire quantum dot. The Hamiltonian
reads [36–42]
H =
p2
2m
+ ασzp+∆σx + V (x), (1)
where m is the effective electron mass, α is the Rashba
SOC strength [34], ∆ = gµBB/2 is half of the Zee-
man splitting, and V (x) is the confining potential. A
spin-orbit qubit [19–21] is encoded to the lowest two
energy levels (the ground and the first excited states)
Ψe,g(x) of the quantum dot. The qubit couples to the
fluctuating charge field E via the electric-dipole inter-
action eExx [43]. The difference between 〈Ψe|x|Ψe〉
and 〈Ψg|x|Ψg〉 leads to a longitudinal interaction be-
tween the qubit and the noise, which gives rise to the
qubit pure dephasing. While 〈Ψe|x|Ψg〉 leads to a trans-
verse interaction between the qubit and the noise, which
gives rise to the possible qubit relaxation. The neces-
sary condition for the qubit phase noise is 〈Ψe|x|Ψe〉 6=
〈Ψg|x|Ψg〉. However, if the confining potential is sym-
metrical V (x) = V (−x), the model (1) has a Z2 symme-
try [σxP , H ] = 0 [44–46], where P is the parity. The Z2
symmetry directly leads to 〈Ψe(g)|x|Ψe(g)〉 = 0. There-
fore, the qubit phase noise in our model can arise only
when V (x) is an asymmetrical potential.
In this paper, we have formulated a theory of the SOC
mediated spin pure dephasing based on an exactly solv-
able model of the nanowire quantum dot. We demon-
strate the interplay between the SOC and the asymmet-
rical confining potential mediates a spin-charge interac-
tion, that gives rise to the spin pure dephasing. Both the
SOC and the asymmetry of the confining potential are
indispensable in this dephasing mechanism. The larger
of the SOC in the material, the stronger of the spin de-
pasing. Likewise, the larger of the degree of the asym-
metry of the confining potential, the stronger of the spin
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FIG. 1. (a) The half infinite square well used to model the
asymmetrical confining potential of a nanowire quantum dot.
The well has both a width a and a height V0. (b) The proba-
bility density distribution of the ground state in a InSb quan-
tum dot.
TABLE I. The parameters of the InSb, InAs, and GaAs quan-
tum dots used in our calculations (Refs. 47 and 48).
m/m0
a α (eV A˚) g B0 (T) a (nm) V0 (meV)
InSb 0.0136 1.05 50.6 0.05 50 10
InAs 0.0239 0.23 15 0.1 50 10
GaAs 0.067 0.01 0.44 7.5 50 10
a
m0 is the free electron mass
dephasing. Also, the spin dephasing can be enhanced
when we lower the height of the quantum dot confining
potential.
II. THE MODEL
Here we are interested in a 1D model of the nanowire
quantum dot with both asymmetrical confining potential
and nontrivial Rashba SOC. The explicit Hamiltonian
under consideration is given by Eq. (1), and the asym-
metrical confining potential is modeled by the following
half infinite square well [see Fig. 1(a)]
V (x) =


∞, x < 0,
0, 0 < x < a,
V0, a < x,
(2)
where V0 and a are the height and width of the well,
respectively. The confining potential has such a regular
shape that the bound states in the well are expected to
be exactly solvable [46, 49–51]. The lowest two energy
levels in the quantum dot are used to encode a qubit.
In the presence of the nontrivial Rashba SOC, the spin
operator in Hamiltonian (1) is no longer a good quan-
tum number, such that the qubit defined in our model is
actually a spin-orbit qubit [19–21]. In our following con-
siderations, the quantum states span the qubit Hilbert
space are marked by the pseudo spin states: Ψe(x) ≡ |⇑〉
and Ψg(x) ≡ |⇓〉. In contrast to the pure spin qubit, the
spin-orbit qubit has the advantage of being electrically
manipulable [14–21].
The boundary condition is used to determine the en-
ergy spectrum and the corresponding eigenfunctions of a
quantum system. For the square well (2) we are consid-
ering, the boundary condition explicitly reads [46]
Ψ(0) = 0, Ψ(a+0) = Ψ(a−0), Ψ′(a+0) = Ψ′(a−0), (3)
where Ψ(x) is the eigenfunction and Ψ′(x) is its first
derivative. It should be noted that the eigenfunction
Ψ(x) = [Ψ1(x),Ψ2(x)]
T here has two components due to
the spin degree of freedom. Hence, the boundary condi-
tion (3) actually contains six independent sub-equations.
Let us say a few words on the model we are consider-
ing. First, although our model is very simple, we believe
that this model captures the main physics of the SOC
mediated spin dephasing in an asymmetrical quantum
dot. Second, we expect that the physics (at least qual-
itatively) in a more realistic 2D quantum dot would be
similar to that in our exactly solvable 1D model. Third,
as far as we know, there is no exact solution for a 2D
quantum dot with both asymmetrical confining poten-
tial and non trivial SOC. Therefore, investigating a sim-
ple exactly solvable quantum dot model no doubt gives
the first step for understanding the relevant properties in
a more complicated and more realistic quantum dot.
In this paper, we mainly study three quantum dot ma-
terials, i.e., the InSb, InAs, and GaAs, all of which are
of current research interest [47, 48]. The InSb has the
largest SOC, the InAs has a relative large SOC, and the
GaAs has the smallest SOC. In our following calculations,
unless otherwise stated, all the parameters are taken from
Table I.
III. THE QUBIT HILBERT SPACE
STRUCTURE
We first solve the spectrum and the wave functions for
the bulk Hamiltonian Hb =
p2
2m + ασ
zp + ∆σx [46, 51].
Then the eigenfunction of Hamiltonian (1) can be written
as a linear combination of all the degenerate bulk wave
functions [49–51]. Inside the well, the eigenfunction can
be expanded using both the plane-wave and exponential-
function solutions. Outside the well, the eigenfunction
can be expanded using either the combined plane-wave
and exponential-function solutions or the exponential-
function solutions. Imposing the boundary condition (3)
on the expanded eigenfunction, we obtain a series of tran-
scendental equations with respect to the energy region
[see appendices A, B, and C]. The solutions of these tran-
scendental equations give us the total energy spectrum
of the quantum dot. Once the spectrum is obtained, the
corresponding eigenfunctions are also known. A typical
probability density distribution of the ground state in a
InSb quantum dot is given in Fig. 1(b).
In Figs. 2(a)-(c), we show the lowest two energy lev-
els as a function of the well-height V0 in the InSb, InAs,
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FIG. 2. (a)-(c) The lowest two energy levels as a function of
the well-height V0. The results in the InSb (a), InAs (b), and
GaAs (c) quantum dots. (d)-(f) The lowest two energy levels
as a function of the well-width a. The results in the InSb (d),
InAs (e), and GaAs (f) quantum dots.
and GaAs quantum dots, respectively. As can be seen
from the figures, with the decease of the well-height V0,
the energies of the corresponding quantum states become
smaller, i.e., more closer to the well-portal, and the qubit
level splitting becomes smaller too. This phenomenon
has been observed previously, the spin-orbit effect in the
quantum dot can be enhanced by lowering the height of
the confining potential [46]. We can understand as fol-
lows. The quantum dot spin-orbit effect can be roughly
characterized by the parameter 〈〈x〉〉/xso [19], where 〈〈x〉〉
is the half-width of the quantum dot wave function [see
Fig. 1(b)] and xso = ~/(mα) is the spin-orbit length.
Obviously, when we lower the well-height V0, the wave
function is more delocalized, hence 〈〈x〉〉 becomes larger.
It should be noted that, the well-height V0 in our model
can not be arbitrary small if we want at least two bound
states presented in the well.
In Figs. 2(d)-(f), we also show the lowest two energy
levels as a function of the well-width a. There are no
obvious changes for the qubit level splitting when the
well-width a is varied in the region under consideration.
However, with the decrease of the well-width a, the ener-
gies of the corresponding quantum states becomes larger,
i.e., more closer to the well-portal. Likewise, the well-
width a also can not be arbitrary small if we want to
maintain at least two bound states in the well.
The spin-orbit qubit can couple to the charge noise via
the electric-dipole interaction eExx [43], where Ex is the
x component of the fluctuating charge field. Hence, we
need to determine the form of the electric-dipole operator
x in the qubit Hilbert space. The phase noise of the
qubit arises when the average values of x between the first
excited state xe ≡ 〈Ψe|x|Ψe〉 and the ground state xg ≡
〈Ψg|x|Ψg〉 are different. Since the exact eigenfunctions in
the quantum dot are already obtained [see e.g., Fig. 1(b)],
these two quantities xe and xg are easy to evaluate.
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FIG. 3. (a)-(c) The difference xe − xg as a function of the
well-height V0. The results in the InSb (a), InAs (b), and
GaAs (c) quantum dots. (d)-(f) The difference xe − xg as a
function of the well-width a. The results in the InSb (d), InAs
(e), and GaAs (f) quantum dots.
In Figs. 3(a)-(c), we show the difference of the aver-
ages xe − xg as a function of the well-height V0 in the
InSb, InAs, and GaAs quantum dots, respectively. In
consistence with the V0 dependence of the energy spec-
trum, here with the decrease of the well height V0, the
difference of the averages xe−xg becomes larger, i.e., the
spin-orbit effect becomes stronger. In Figs. 3(d)-(f), we
also show the difference of the averages xe−xg as a func-
tion of the well-width a. For materials with both strong
SOC and relative small effective electron mass such as
InSb and InAs, with the decrease of the well-width a,
the difference xe − xg becomes larger. While for the ma-
terial with weak SOC and relative large effective electron
mass, e.g., GaAs, with the decrease of the well-width a,
the difference xe−xg becomes smaller instead. Actually,
if we continue to reduce the GaAs quantum dot size a to
smaller value such as 30 nm, after a critical value ac, the
difference xe − xg also increases with the decrease of a
until the two bound states are repelled out of the well.
IV. THE SPIN PURE DEPHASING
In III-V semiconductor quantum dot, the spin dephas-
ing mechanism caused by the surrounding magnetic noise
is well established [52–54]. It is the magnetic dipole
interactions between the lattice nuclear spins produce
a fluctuating hyperfine field to the electron spin. 1/f
charge noise universally exists in many quantum nano-
structures [26–28], and it has also been observed in many
quantum dot experiments [33, 55–57], hence it is desir-
able to examine whether there exists charge noise induced
spin dephasing in spin-orbit coupled quantum dot. In
particular, in a recent InSb quantum dot experiment, the
spin dephasing induced by the 1/f charge noise can not
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FIG. 4. The phase coherence |ρ⇑⇓(t)/ρ⇑⇓(0)| = e
−Γph(t) of the
spin qubit as a function of time t. (a) In the InSb quantum
dot. (b) In the InAs quantum dot. (c) In the GaAs quantum
dot.
be ruled out [58]. The physical origin of the 1/f charge
fluctuation spectrum is still not very clear [28], here we
just assume the charge noise has a spectrum function
∝ 1/ω.
The spin-orbit qubit in a semiconductor quantum dot
can couple to the charge field via the electric-dipole inter-
action. The total Hamiltonian describing the qubit-noise
interaction reads
Htot = H + ex cosΘ
∑
k
Ξk(bk + b
†
k) +
∑
k
~ωkb
†
kbk, (4)
where we have written the fluctuating charge field as E =∑
k Ξk~ek(bk + b
†
k) [43], with Ξk being the charge field
in the wavevector space and ~ek being the direction of
the charge field, and Θ is the angle between ~ek and the
axis of the nanowire ~x. In our following calculations, we
have averaged over all possible angle Θ for the obtained
physical quantities, e.g., 〈Γ(t)〉Θ =
∫ 2pi
0
Γ(t)dΘ/2π.
When we focus only on the qubit Hilbert subspace, the
total Hamiltonian can be reduced to (only phase noise is
taken into account)
Htot =
Ee − Eg
2
τz +
∑
k
~ωkb
†
kbk +
∑
k
(
xe + xg
2
+
xe − xg
2
τz
)
eΞk(bk + b
†
k) cosΘ,
(5)
where Ee,g are the energies of the first excited state |⇑〉
and the ground state |⇓〉, respectively, the Pauli z matrix
reads τz = |⇑〉〈⇑| − |⇓〉〈⇓|, and we have also used the
completeness relation |⇑〉〈⇑ | + |⇓〉〈⇓ | = 1. Obviously,
if xe = xg, the spin-orbit qubit can not longitudinally
couple to the charge noise. From this viewpoint, it is
the difference of the average values of the electric-dipole
operator xe−xg, which originates from the interplay be-
tween the SOC and the asymmetrical confining potential,
gives rise to the pure dephasing of the spin-orbit qubit in
semiconductor quantum dot.
The model we derived is very similar to the spin-boson
model [59–61]. A simple analysis shows that the qubit
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FIG. 5. The dephasing time T∗2 as a function of the well height
V0. (a) In the InSb quantum dot. (b) In the InAs quantum
dot. (c) In the GaAs quantum dot.
dephasing of this model is also exactly solvable. If we
model the phase coherence as the off-diagonal element of
the qubit density matrix |ρ⇑⇓(t)/ρ⇑⇓(0)| = exp [−Γph(t)],
the dephasing rate can be written as (for details see ap-
pendix D)
Γph(t) =
(xe − xg)2
2a2
∫ ωmax
ωmin
dω S(ω)
sin2(ω t/2)
(ω/2)2
, (6)
where the spectrum function is defined as
S(ω) =
∑
k
e2Ξ2ka
2kBT
~3ω
δ(ω − ωk) ≡
A2a,T
ω
, (7)
with A2a,T being a parameter characterizing the strength
of the charge noise [62]. Here ωmin and ωmax are the
lower and the upper bounds of the charge noise spec-
trum [63]. Also, we have written the Bose occupation
number as n(ω) ≈ kBT/~ω for all the low frequency 1/f
charge noise mode. In consistence with our previous in-
vestigation [62], here we choose the spectrum strength
Aa=50nm,T=100mK = 20 MHz, and the other parameters
of the noise are taken from experiment [33], e.g., the lower
noise bound ωmin ≈ 10−2 Hz, the upper noise bound
ωmax ≈ 5×105 Hz, and the typical experimental temper-
ature T = 100 mK. It is instructive to see for the time
scale t < 1/ωmax = 2 µs, we can write the dephasing rate
as [62]
Γph(t) = A
2
a,T t
2 (xe − xg)2
2a2
ln
ωmax
ωmin
. (8)
Thus, the qubit dephasing at short time must be a Gauss
decay.
In Fig. 4, we show the qubit phase coherence as a func-
tion of time t. For parameters typical of the InSb quan-
tum dot, because of the large SOC, the qubit dephasing
time is about T∗2 = 7 µs. For a InAs quantum dot, the
SOC is still relative large, we find the qubit dephasing
time is about T∗2 = 275 µs. For a GaAs quantum dot,
because of the very weak SOC, the qubit dephasing time
is about T∗2 = 55 ms.
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In Fig. 5, we show the qubit dephasing time T∗2 as
a function of the quantum dot well-height. Note that
T∗2 is solved from Γph(T
∗
2) = 1 defined in Eq. (6). As
expected, the spin-orbit effect in the quantum dot can
be enhanced by lowering the well-height [46], such that
the qubit dephasing time T∗2 becomes smaller when we
reduce the well-height V0. When the well-height is as
small as V0 = 5 meV, the dephasing time is about T
∗
2 =
0.38 µs [see Fig. 5(a)], 18 µs [see Fig. 5(b)], and 9 ms
[see Fig. 5(c)] in a InSb, InAs, and GaAs quantum dots,
respectively. The magnitude of V0 reflects the degree of
the asymmetry of the confining potential. The larger
of the asymmetry of the well, the stronger of the qubit
dephasing. Note that in the GaAs quantum dot the spin
dephasing time is in the microsecond region [7, 64, 65],
in the InAs quantum dot a T2 = 50 ns is reported in
Ref. [20], and in the InSb quantum dot a T2 = 34 ns
is reported in Ref. [58]. Because of the large SOC, the
1/f charge noise induced dephasing is most likely to be
observed in the InSb quantum dot.
In Fig. 6, we show the qubit dephasing time T∗2 as a
function of the quantum dot size a. As can be seen from
the figure, in the InSb and InAs quantum dots, because
the qubit energy levels are shallow energy levels in the
well, i.e., close to the well-portal V0 [see Figs. 2(d) and
(e)], reducing the quantum dot size a leads to a shorter
dephasing time T∗2 [see Figs. 6(a) and (b)]. However,
in the GaAs quantum dot, the qubit energy levels are
very deep energy levels in the well, i.e, far away from the
well-portal V0 [see Fig. 2(f)], reducing the quantum dot
size a leads to a longer dephasing time T∗2 [see Fig. 6(c)].
Note that when the qubit energy levels in the GaAs quan-
tum dot become shallow energy levels, e.g., by tuning the
quantum dot size to smaller value such as a = 30 nm, the
above discussion is no longer applicable.
V. SUMMARY
In summary, in this paper we have built a theory of
the spin dephasing due to the 1/f charge noise in a spin-
orbit coupled semiconductor quantum dot. We have in-
vestigated a simple exactly solvable 1D quantum dot with
both Rashba SOC and asymmetrical confining potential.
Using analytical method, we obtain exactly the energy
spectrum and the corresponding eigenfunctions in the
quantum dot. The average values of the electric-dipole
operator in the ground and the first excited states are
different, such that the qubit phase noise due to the 1/f
charge noise arises naturally in our model. It should be
noted that this difference of the average values originates
from the interplay between the SOC and the asymmet-
rical confining potential of the semiconductor quantum
dot.
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Appendix A: The transcendental equations in the strong SOC regime: ∆ < mα2
The eigenfunction of Hamiltonian (1) can be written as a linear combination of all the degenerate bulk wave
functions, where the bulk Hamiltonian reads Hb =
p2
2m + ασ
zp + ∆σx. There are three types of bulk dispersion
relations. The first is the plane-wave solution [51] [see Fig. 7(a)]
E±b =
k2
2m
±
√
α2k2 +∆2. (A1)
The corresponding bulk wave functions read
Ψ+b =


eikx
(
cos θ2
sin θ2
)
e−ikx
(
sin θ2
cos θ2
) ,Ψ−b =


eikx
(
sin θ2
− cos θ2
)
e−ikx
(
cos θ2
− sin θ2
) , (A2)
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FIG. 7. The bulk dispersion relations in the strong SOC regime. (a) The bulk spectrum of plane-wave solution (A1). (b) The
bulk spectrum of exponential-function solution (A3). (c) The bulk spectrum of combined plane-wave and exponential-function
solution (A5). Here, E1 = ∆, E2 = −
∆2
2mα2
, E3 = −∆, and E4 = −
∆2
2mα2
− 1
2
mα2.
where θ ≡ θ(k) = arctan [∆/(αk)]. The second is the exponential-function solution [51] [see Fig. 7(b)]
E±b = −
Γ2
2m
±
√
−α2Γ2 +∆2. (A3)
The corresponding bulk wave functions read
Ψ+b =


e−Γx
(
eiϕ
1
)
eΓx
(
e−iϕ
1
) ,Ψ−b =


e−Γx
( −e−iϕ
1
)
eΓx
( −eiϕ
1
) , (A4)
where ϕ ≡ ϕ(Γ) = arctan (αΓ/√−α2Γ2 +∆2). The third is the combined plane-wave and exponential-function
solution [46] [see Fig. 7(c)]
E±b
mα2
=
−1±
√
(1 − ∆2m2α4 sin2 2φ) cos2 2φ
sin2 2φ
. (A5)
The four degenerate bulk wave functions read
Ψ1,3b (x) =
(
1
Re± iΦ
)
eikρx cosφ∓ kρx sinφ,
Ψ2,4b (x) =
(
Re∓ iΦ
1
)
e−ikρx cosφ∓ kρx sinφ, (A6)
where
R cosΦ = −mα
2 + αkρ cosφ
∆
,
R sinΦ = −k
2
ρ sin 2φ+ 2mαkρ sinφ
2m∆
. (A7)
In the classical allowed region 0 < x < a, the eigenfunction should be expanded using the plane-wave solutions and
the exponential-function solutions, and we can divide the energy region into four sub-regions. While in the classical
forbidden region a < x, the eigenfunction must be expanded using the combined plane-wave and exponential-function
solutions.
1. In the energy region: − 1
2
mα2 − ∆
2
2mα2
< E < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction can be written as [51]
Ψ(x) = c1
(
sin θ12
− cos θ12
)
eik1x + c2
(
cos θ12
− sin θ12
)
e−ik1x + c3
(
sin θ22
− cos θ22
)
eik2x + c4
(
cos θ22
− sin θ22
)
e−ik2x, (A8)
7where θ1,2 = arctan[∆/(αk1,2)], and k1,2 is a function of the quantum dot energy E (to be determined)
k1,2 =
√
2mα
√
1 +
E
mα2
∓
√
1 + 2
E
mα2
+
∆2
m2α4
. (A9)
Outside the well a < x, the eigenfunction can be written as [46]
Ψ(x) = c5
(
1
ReiΦ
)
eikρx cosφ−kρx sinφ + c6
(
Re−iΦ
1
)
e−ikρx cosφ−kρx sinφ, (A10)
where
kρ cosφ = kx = mα
√
1 +
E − V0
mα2
+
√
(E − V0)2 −∆2
m2α4
,
kρ sinφ = ky = mα
√
−1− E − V0
mα2
+
√
(E − V0)2 −∆2
m2α4
.
(A11)
We have six coefficients ci=1,...,6 to be determined. The boundary condition (3) contains six sub-equations, such that
the boundary condition can be formally written as a matrix equation M ·C = 0, where the matrix M reads
M =


sin θ12 cos
θ1
2 sin
θ2
2 cos
θ2
2 0 0
cos θ12 sin
θ1
2 cos
θ2
2 sin
θ2
2 0 0
Λk1 sin
θ1
2 Λ−k1 cos
θ1
2 Λk2 sin
θ2
2 Λ−k2 cos
θ2
2 −Λkx+iky −Re−iΦΛ−kx+iky
−Λk1 cos θ12 −Λ−k1 sin θ12 −Λk2 cos θ22 −Λ−k2 sin θ22 −R eiΦΛkx+iky −Λ−kx+iky
Λ′k1 sin
θ1
2 Λ
′
−k1
cos θ12 Λ
′
k2
sin θ22 Λ
′
−k2
cos θ22 −Λ′kx+iky −Re−iΦΛ′−kx+iky
−Λ′k1 cos θ12 −Λ′−k1 sin θ12 −Λ′k2 cos θ22 −Λ′−k2 sin θ22 −ReiΦΛ′kx+iky −Λ′−kx+iky


. (A12)
where Λk ≡ exp(ika) and Λ′k ≡ ik × exp(ika). The condition that there exists nontrivial solution for the matrix
equation directly gives rise to
det (M) = 0. (A13)
This equation is an implicit equation of the energy E, the solution of which gives us the energy spectrum of the
quantum dot in the priorly announced energy region.
2. In the energy region: −∆ < E < − ∆
2
2mα2
In this energy region, inside the well 0 < x < a, the eigenfunction can be written as [46]
Ψ(x) = c1e
−Γx
( −e−iϕ
1
)
+ c2e
Γx
( −eiϕ
1
)
+ c3e
ikx
(
sin θ2
− cos θ2
)
+ c4e
−ikx
(
cos θ2
− sin θ2
)
, (A14)
where θ = arctan [∆/(αk)], ϕ = arctan
(
αΓ/
√−α2Γ2 +∆2), and k and Γ are a function of the quantum dot energy
E
k =
√
2mα
√
1 +
E
mα2
+
√
1 + 2
E
mα2
+
∆2
m2α4
,
Γ =
√
2mα
√
−1− E
mα2
+
√
1 + 2
E
mα2
+
∆2
m2α4
. (A15)
Outside the well a < x, the eigenfunction can still be written as the form given by Eq. (A10). In this case the matrix
M reads
M =


−e−iϕ −eiϕ sin θ2 cos θ2 0 0
1 1 − cos θ2 − sin θ2 0 0
−e−Γa−iϕ −eΓa+iϕ Λk sin θ2 Λ−k cos θ2 −Λkx+iky −Re−iΦΛ−kx+iky
e−Γ a eΓ a −Λk cos θ2 −Λ−k sin θ2 −R eiΦΛkx+iky −Λ−kx+iky
Γ e−Γ a−iϕ −Γ eΓa+iϕ Λ′k sin θ2 Λ′−k cos θ2 −Λ′kx+iky −Re−iΦΛ′−kx+iky
−Γ e−Γa Γ eΓ a −Λ′k cos θ2 −Λ−k sin θ2 −ReiΦΛ′kx+iky −Λ′−kx+iky


. (A16)
8k
E+b
E-b
E+b
E-b
sin22
E+b
E-b
 
bu
lk
E
E
1
E
1
E
3 E
3
E
2
E
4
E
4
(a) (b) (c)
FIG. 8. The bulk dispersion relations in the intermediate SOC regime. (a) The bulk spectrum of plane-wave solution (A1).
(b) The bulk spectrum of exponential-function solution (A3). (c) The bulk spectrum of combined plane-wave and exponential-
function solution (A5). Here, E1 = ∆, E2 = −
∆2
2mα2
, E3 = −∆, and E4 = −
∆2
2mα2
− 1
2
mα2.
3. In the energy region: − ∆
2
2mα2
< E < ∆
In this energy region, inside the well 0 < x < a, the eigenfunction can be written as [51]
Ψ(x) = c1e
−Γx
(
eiϕ
1
)
+ c2e
Γx
(
e−iϕ
1
)
+ c3e
ikx
(
sin θ2
− cos θ2
)
+ c4e
−ikx
(
cos θ2
− sin θ2
)
. (A17)
Outside the well a < x, the eigenfunction can still be written as the form given by Eq. (A10). In this case the matrix
M reads
M =


eiϕ e−iϕ sin θ2 cos
θ
2 0 0
1 1 − cos θ2 − sin θ2 0 0
e−Γ a+iϕ eΓ a−iϕ Λk sin
θ
2 Λ−k cos
θ
2 −Λkx+iky −Re−iΦΛ−kx+iky
e−Γ a eΓ a −Λk cos θ2 −Λ−k sin θ2 −R eiΦΛkx+iky −Λ−kx+iky
−Γ e−Γa+iϕ Γ eΓ a−iϕ Λ′k sin θ2 Λ′−k cos θ2 −Λ′kx+iky −Re−iΦΛ′−kx+iky
−Γ e−Γa Γ eΓ a −Λ′k cos θ2 −Λ′−k sin θ2 −ReiΦΛ′kx+iky −Λ′−kx+iky


. (A18)
4. In the energy region: ∆ < E
In this energy region, inside the well 0 < x < a, the eigenfunction can be written as [51]
Ψ(x) = c1
(
cos θ12
sin θ12
)
eik1x + c2
(
sin θ12
cos θ12
)
e−ik1x + c3
(
sin θ22
− cos θ22
)
eik2x + c4
(
cos θ22
− sin θ22
)
e−ik2x. (A19)
Outside the well a < x, the eigenfunction can still be written as the form given by Eq. (A10). In this case the matrix
M reads
M =


cos θ12 sin
θ1
2 sin
θ2
2 cos
θ2
2 0 0
sin θ12 cos
θ1
2 − cos θ22 − sin θ22 0 0
Λk1 cos
θ1
2 Λ−k1 sin
θ1
2 Λk2 sin
θ2
2 Λ−k2 cos
θ2
2 −Λkx+iky −R e−iΦΛ−kx+iky
Λk1 sin
θ1
2 Λ−k1 cos
θ1
2 −Λk2 cos θ22 −Λ−k2 sin θ22 −R eiΦΛkx+iky −Λ−kx+iky
Λ′k1 cos
θ1
2 Λ
′
−k1
sin θ12 Λ
′
k2
sin θ22 Λ
′
−k2
cos θ22 −Λ′kx+iky −R e−iΦΛ′−kx+iky
Λ′k1 sin
θ1
2 Λ
′
−k1
cos θ12 −Λ′k2 cos θ22 −Λ′−k2 sin θ22 −R eiΦΛ′kx+iky −Λ′−kx+iky


. (A20)
Appendix B: The transcendental equations in the intermediate SOC regime: ∆
2
< mα2 < ∆
In the intermediate SOC regime, the bulk dispersion relations are shown in Fig. 8. In the classical allowed region
x < a, the energy region is divide into three sub-regions. While in the classical forbidden region a < x, the energy
region is divided into two sub-regions.
91. In the energy region: −∆ < E < − ∆
2
2mα2
⋂
E − V0 < −
∆2
2mα2
− 1
2
mα2
In this case the Matrix M is the same as that given by Eq. (A16).
2. In the energy region: −∆ < E < − ∆
2
2mα2
⋂
− ∆
2
2mα2
− 1
2
mα2 < E − V0 < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction is still written as the form given by Eq. (A14).
Outside the well a < x, the eigenfunction reads
Ψ(x) = c5e
−Γ1x
( −e−iϕ1
1
)
+ c6e
−Γ2x
( −e−iϕ2
1
)
, (B1)
where ϕ1,2 = arctan(αΓ1,2/
√
−α2Γ21,2 +∆2), and Γ1,2 are a function of the quantum dot energy E to be determined
Γ1,2 =
√
2mα
√
−1− E − V0
mα2
±
√
1 +
2(E − V0)
mα2
+
∆2
m2α4
. (B2)
In this case the matrix M reads
M =


−e−iϕ −eiϕ sin θ2 cos θ2 0 0
1 1 − cos θ2 − sin θ2 0 0
−e−Γa−iϕ −eΓa+iϕ Λk sin θ2 Λ−k cos θ2 e−Γ1a−iϕ1 e−Γ2a−iϕ2
e−Γ a eΓ a −Λk cos θ2 −Λ−k sin θ2 −e−Γ1a −e−Γ2a
Γ e−Γ a−iϕ −Γ eΓa+iϕ Λ′k sin θ2 Λ′−k cos θ2 −Γ1e−Γ1a−iϕ1 −Γ2e−Γ2a−iϕ2
−Γ e−Γ a Γ eΓ a −Λ′k cos θ2 −Λ′−k sin θ2 Γ1e−Γ1a Γ2e−Γ2a


. (B3)
3. In the energy region: − ∆
2
2mα2
< E < ∆
⋂
E − V0 < −
∆2
2mα2
− 1
2
mα2
In this case the Matrix M is the same as that given by Eq. (A18).
4. In the energy region: − ∆
2
2mα2
< E < ∆
⋂
− ∆
2
2mα2
− 1
2
mα2 < E − V0 < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction is written as the form given by Eq. (A17).
Outside the well a < x, the eigenfunction is written as the form given by Eq. (B1). In this case the matrix M reads
M =


eiϕ e−iϕ sin θ2 cos
θ
2 0 0
1 1 − cos θ2 − sin θ2 0 0
e−Γ a+iϕ eΓ a−iϕ Λk sin
θ
2 Λ−k cos
θ
2 e
−Γ1a−iϕ1 e−Γ2a−iϕ2
e−Γ a eΓ a −Λk cos θ2 −Λ−k sin θ2 −e−Γ1a −e−Γ2a
−Γ e−Γa+iϕ Γ eΓ a−iϕ Λ′k sin θ2 Λ′−k cos θ2 −Γ1e−Γ1a−iϕ1 −Γ2e−Γ2a−iϕ2
−Γ e−Γa Γ eΓ a −Λ′k cos θ2 −Λ′−k sin θ2 Γ1e−Γ1a Γ2e−Γ2a


. (B4)
5. In the energy region: ∆ < E
⋂
E − V0 < −
∆2
2mα2
− 1
2
mα2
In this case the Matrix M is the same as that given by Eq. (A20).
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FIG. 9. The bulk dispersion relations in the weak SOC regime. (a) The bulk spectrum of plane-wave solution (A1). (b) The
bulk spectrum of exponential-function solution (A3). (c) The bulk spectrum of combined plane-wave and exponential-function
solution (A5). Here, E1 = ∆, E2 = −
∆2
2mα2
, E3 = −∆, and E4 = −
∆2
2mα2
− 1
2
mα2.
6. In the energy region: ∆ < E
⋂
− ∆
2
2mα2
− 1
2
mα2 < E − V0 < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction is written as the form given by Eq. (A19).
Outside the well a < x, the eigenfunction is written as the form given by Eq. (B1). In this case the matrix M reads
M =


cos θ12 sin
θ1
2 sin
θ2
2 cos
θ2
2 0 0
sin θ12 cos
θ1
2 − cos θ22 − sin θ22 0 0
Λk1 cos
θ1
2 Λ−k1 sin
θ1
2 Λk2 sin
θ2
2 Λ−k2 cos
θ2
2 e
−Γ1a−iϕ1 e−Γ2a−iϕ2
Λk1 sin
θ1
2 Λ−k1 cos
θ1
2 −Λk2 cos θ22 −Λ−k2 sin θ22 −e−Γ1a −e−Γ2a
Λ′k1 cos
θ1
2 Λ
′
−k1
sin θ12 Λ
′
k2
sin θ22 Λ
′
−k2
cos θ22 −Γ1e−Γ1a−iϕ1 −Γ2e−Γ2a−iϕ2
Λ′k1 sin
θ1
2 Λ
′
−k1
cos θ12 −Λ′k2 cos θ22 −Λ′−k2 sin θ22 Γ1e−Γ1a Γ2e−Γ2a


. (B5)
Appendix C: The transcendental equations in the weak SOC regime: mα2 < ∆
2
In the weak SOC regime, the bulk dispersion relations are shown in Fig. 9. In the classical allowed region x < a,
the energy region is divide into two sub-regions. While in the classical forbidden region a < x, the energy region is
divided into three sub-regions.
1. In the energy region: −∆ < E < ∆
⋂
E − V0 < −
∆2
2mα2
− 1
2
mα2
In this case the Matrix M is the same as that given by Eq. (A18).
2. In the energy region: −∆ < E < ∆
⋂
− ∆
2
2mα2
− 1
2
mα2 < E − V0 < −
∆2
2mα2
In this case the Matrix M is the same as that given by Eq. (B4).
3. In the energy region: −∆ < E < ∆
⋂
− ∆
2
2mα2
< E − V0 < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction is written as the form given by Eq. (A17).
Outside the well a < x, the eigenfunction reads
Ψ(x) = c5e
−Γ1x
(
eiϕ1
1
)
+ c6e
−Γ2x
( −e−iϕ2
1
)
, (C1)
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In this case the matrix M reads
M =


eiϕ e−iϕ sin θ2 cos
θ
2 0 0
1 1 − cos θ2 − sin θ2 0 0
e−Γ a+iϕ eΓ a−iϕ Λk sin
θ
2 Λ−k cos
θ
2 −e−Γ1a+iϕ1 e−Γ2a−iϕ2
e−Γ a eΓ a −Λk cos θ2 −Λ−k sin θ2 −e−Γ1a −e−Γ2a
−Γ e−Γa+iϕ Γ eΓ a−iϕ Λ′k sin θ2 Λ′−k cos θ2 Γ1e−Γ1a+iϕ1 −Γ2e−Γ2a−iϕ2
−Γ e−Γa Γ eΓa −Λ′k cos θ2 −Λ′−k sin θ2 Γ1e−Γ1a Γ2e−Γ2a


. (C2)
4. In the energy region: ∆ < E
⋂
E − V0 < −
∆2
2mα2
− 1
2
mα2
In this case the Matrix M is the same as that given by Eq. (A20).
5. In the energy region: ∆ < E
⋂
− ∆
2
2mα2
− 1
2
mα2 < E − V0 < −
∆2
2mα2
In this case the Matrix M is the same as that given by Eq. (B5).
6. In the energy region: ∆ < E
⋂
− ∆
2
2mα2
< E − V0 < −∆
In this energy region, inside the well 0 < x < a, the eigenfunction is written as the form given by Eq. (A19).
Outside the well a < x, the eigenfunction is written as the form given by Eq. (C1). In this case the matrix M reads
M =


cos θ12 sin
θ1
2 sin
θ2
2 cos
θ2
2 0 0
sin θ12 cos
θ1
2 − cos θ22 − sin θ22 0 0
Λk1 cos
θ1
2 Λ−k1 sin
θ1
2 Λk2 sin
θ2
2 Λ−k2 cos
θ2
2 −e−Γ1a+iϕ1 e−Γ2a−iϕ2
Λk1 sin
θ1
2 Λ−k1 cos
θ1
2 −Λk2 cos θ22 −Λ−k2 sin θ22 −e−Γ1a −e−Γ2a
Λ′k1 cos
θ1
2 Λ
′
−k1
sin θ12 Λ
′
k2
sin θ22 Λ
′
−k2
cos θ22 Γ1e
−Γ1a+iϕ1 −Γ2e−Γ2a−iϕ2
Λ′k1 sin
θ1
2 Λ
′
−k1
cos θ12 −Λ′k2 cos θ22 −Λ′−k2 sin θ22 Γ1e−Γ1a Γ2e−Γ2a


. (C3)
Appendix D: The derivation of the spin dephasing rate
For the derivation convenience, here we write the Hamiltonian of the qubit-environment (noise) interaction again
Htot =
Ee − Eg
2
τz +
∑
k
~ωkb
†
kbk +
∑
k
(
χek + χ
g
k
2
+
χek − χgk
2
τz
)
(bk + b
†
k), (D1)
where χ
e/g
k = exe/gΞk cosΘ. For the time evolution problem, the reduced density matrix of the spin qubit can always
written as
ρq(t) = Tren{ρtot(t)} = ρ⇑⇑(t)|⇑〉〈⇑| + ρ⇑⇓(t)|⇑〉〈⇓| + ρ⇓⇑(t)|⇓〉〈⇑| + ρ⇓⇓(t)|⇓〉〈⇓|, (D2)
where ρtot(t) is the density matrix of the total qubit-environment system. From the above equation, the off-diagonal
element of the reduced density matrix, which is used to quantify the qubit phase coherence, can be written as
ρ⇑⇓(t) = Trq {|⇓〉〈⇑|ρq(t)} = Trtot {|⇓〉〈⇑|ρtot(t)} . (D3)
Initially, the qubit-environment system is in a product state
ρtot(0) = ρq(0)⊗ ρen(0), (D4)
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where the environment is in a thermal state ρen(0) =
∏
k ρ
k
en =
∏
k(1 − e−β~ωk)e−β~ωkb
†
k
bk , with β = 1/(kBT ). It is
convenient to consider the qubit dephasing in the Heisenberg picture
ρ⇑⇓(t) = Trtot
{
eiHtott/~|⇓〉〈⇑|e−iHtott/~ρtot(0)
}
= Trtot
{
eiHtott/~|⇓〉〈⇑|e−iHtott/~ρ⇑⇓(0)|⇑〉〈⇓| ⊗ ρen(0)
}
= ρ⇑⇓(0)Tren
{
eiH⇓t/~e−iH⇑t/~ρen(0)
}
, (D5)
where
H⇑/⇓ = ±
Ee − Eg
2
+
∑
k
~ωkb
†
kbk +
∑
k
χ
e/g
k (bk + b
†
k)
= ±Ee − Eg
2
+
∑
k
~ωk
(
b†k +
χ
e/g
k
~ωk
)(
bk +
χ
e/g
k
~ωk
)
−
∑
k
|χe/gk |2
~ωk
. (D6)
Substituting H⇑/⇓ in the last line of Eq. (D5) with the above expressions, we obtain
ρ⇑⇓(t) = ρ⇑⇓(0)
∏
k
Tr
{
exp
[
iωkt
(
b†k +
χgk
~ωk
)(
bk +
χgk
~ωk
)]
exp
[
−iωkt
(
b†k +
χek
~ωk
)(
bk +
χek
~ωk
)]
ρken
}
. (D7)
Introducing the displacement operator Dk(β) = exp
(
β b†k − β∗bk
)
, we have
D†k
(
χgk
~ωk
)
eiωktb
†
k
bkDk
(
χgk
~ωk
)
= exp
[
iωkt
(
b†k +
χgk
~ωk
)(
bk +
χgk
~ωk
)]
,
D†k
(
χek
~ωk
)
e−iωktb
†
k
bkDk
(
χek
~ωk
)
= exp
[
−iωkt
(
b†k +
χek
~ωk
)(
bk +
χek
~ωk
)]
. (D8)
Therefore, the off-diagonal element ρ⇑⇓(t) reads
ρ⇑⇓(t) = ρ⇑⇓(0)
∏
k
Tr
{
D†k
(
χgk
~ωk
)
eiωktb
†
k
bkDk
(
−χ
e
k − χgk
~ωk
)
e−iωktb
†
k
bkDk
(
χek
~ωk
)
ρken
}
= ρ⇑⇓(0)
∏
k
Tr
{
D†k
(
χgk
~ωk
)
Dk
(
−χ
e
k − χgk
~ωk
eiωkt
)
Dk
(
χek
~ωk
)
ρken
}
= ρ⇑⇓(0)
∏
k
Tr
{
Dk
[
(χek − χgk)
~ωk
(1− eiωkt)
]
ρken
}
= ρ⇑⇓(0)
∏
k
exp
{
−2(xe − xg)
2e2Ξ2k cos
2Θsin2 ωkt2
~2ω2k
[2n(ωk) + 1]
}
. (D9)
In deriving the last line of the above equation, we have used the property Tr
{
Dk(β)ρ
k
en(0)
}
=
exp(−|β|2/2)Tr
{
exp(β b†k)exp(−β∗bk)ρken(0)
}
= exp
{−|β|2 [n(ωk) + 1/2]} [66]. If we model the qubit phase co-
herence as |ρ⇑⇓(t)/ρ⇑⇓(0)| = exp[−Γph(t)], the dephasing rate can be written as
Γph(t) ≡ 〈Γph(t)〉Θ =
∑
k
(xe − xg)2e2Ξ2k sin2 ωkt2
~2ω2k
[2n(ωk) + 1]
=
∑
k
∫
dω
(xe − xg)2e2Ξ2(ω) sin2 ω t2
~2ω2
[2n(ω) + 1]δ(ω − ωk)
=
(xe − xg)2
2a2
∫
dω S(ω)
sin2(ω t/2)
(ω/2)2
, (D10)
where the spectrum function is defined as
S(ω) =
∑
k
e2a2Ξ2(ω)[2n(ω) + 1]
2~2
δ(ω − ωk). (D11)
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We are only interested in the low-frequency 1/f noise, where n(ω) = 1/ [exp(~ω/kBT )− 1] ≈ kBT/(~ω)≫ 1, hence
the spectrum function can be written as
S(ω) =
∑
k
e2Ξ2ka
2kBT
~3ω
δ(ω − ωk). (D12)
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